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Abstract

We propose a novel approach to study the quadratic stability of 2D
flux limiters for non expansive transport equations.

The key result can be formulated in dimension one for the advection equation
Oyu + Ozu = 0. A generic and well known scheme writes as
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where the finite volume flux is
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U. j+1 = U + B) QOJJF (Uj+1 — UJ) for all j € Z. (2)
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In these notations, U; stand for U;* which is the numerical solution at time step
t, = nAt and U stands for U; "+ which is the numerical solution at time step
tnt1 = (n+ 1)At. The CFL number is v =2L e (0,1].

Theorem 1. Assume the CFL condition and assume 0 < Pl <1 for all
j € Z. Then the scheme is stable in quadratic norm: 3, ; |U;|? < > jez |U; 2.

Then, under standard reqularity assumptions on the exact solution, the L norm
. . . 1
at finite time of the numerical error is not less than O(Ax?).

This result admits a 2D generalization. Consider the advection equation in
dimension two 0;u + pd,u + gdyu = 0 with p,q > 0 and p+ ¢ = 1. Consider the
scheme
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Uiy = Uig +*%+1A i+ (4)
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Taking all limiters equal to 1, that is ¢;; = Pipljyl = 1, yields a two-
dimension version of the Lax-Wendroff numerical scheme. The cell-based limiter
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;,j is the equivalent of ¢, 1 in dimension one. The corner-based limiter limiter
®i—1 j+1 Is anew term related to the tensorial nature of numerical diffusion of
the Lax-Wendroff numerical scheme in dimension two. Inspired by the quadratic
properties in dimension one, we study the properties of the scheme when the
flux limiters satisfy the bounds

0 < i, Pitd g+l <1 for all 4, j. (5)

Theorem 2. The non linear scheme (3-5) in dimension two is quadratically
stable under CFL and is convergent in quadratic norm with an order not less

than O(Azz).

These results are L? based and not L' or TVD based. That is why they offer
the possibility to bypass the celebrated Goodman-Leveque obstruction theorem.
Various theoretical options will be discussed and 2D numerical results will be
presented to sustain the discussion.
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